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To support the mission design and trajectory design problems associated with the moon-to-Earth trajectories for
the crew exploration vehicle, a starting trajectory model that serves as the first iterate for a complete targeting and
optimization procedure that takes a spacecraft from any closed lunar parking orbit to the Earth entry interface state
for any date is developed. The motivation for this work is to examine the any-time abort capability required for
human moon missions. The results presented here are limited to impulsive maneuvers. An analytical procedure is
developed that constructs a multi-impulse escape trajectory from the moon propagated forward in time and a
backward propagated trajectory from the Earth with a mismatch in position and velocity near the sphere of influence
of the moon. The position and velocity discontinuities at the mismatch point are small enough to lie within the
convergence envelope of a simple gradient based differential correction procedure that can, at a minimum, generate
a feasible solution. This solution can then be analyzed further and serve as an initial estimate for an optimization
procedure. The efficiency of the method is illustrated by solving any-time abort transfer problems typical for a

human mission.

L

S PART of the requirements for a human lunar mission, a

spacecraft on the surface of the moon must have the capability
to safely return a human crew to the Earth in the case the mission has
to be aborted. The constraints of such a mission require the ability to
leave the moon and return to the Earth as soon as possible using the
available propellent. This will often occur under unfavorable
transEarth injection conditions, and thus significant plane changes
will generally be required. Though it is always possible to escape a
closed orbit for any given hyperbolic asymptote with a single
maneuver, multiple-impulse maneuver sequences can yield consid-
erable savings, in terms of Av, especially when large plane changes
are required [1].

The escape from a closed orbit about a central body to a con-
strained hyperbolic excess velocity vector has been studied in the
past where single to multi-impulse escape sequences were examined.
Gunther [2] examined one and two impulse escape and capture
trajectories from and to a circular orbit about central body. The
second impulse, assumed to occur at infinity or at the sphere of
influence, provided the necessary plane change when the declination
of the hyperbolic asymptote was above a critical value. Gerbracht and
Penzo [3] examined optimal three-impulse escape sequences from an
elliptical orbit to a hyperbolic excess velocity vector asymptote. An
analytical model was used to construct the transfer sequence, which
is then optimized using a numerical optimization procedure. Several
families of solutions were found that were dependent on the
eccentricity of the departure orbit and the relative declination of the
hyperbolic asymptote. Bean [4] examined a similar three-impulse
escape problem and applied it directly to a circular orbit escape from
the Earth to hyperbolic excess velocity vector asymptotes typical of
Earth-to-Mars trajectories. Again, an analytical procedure was used
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to construct the escape sequence which was then optimized using a
numerical procedure. Edelbaum [5] examined the analytical
optimization of a multimaneuver escape sequence from a given
circular orbit to a hyperbolic excess velocity vector. The transfer time
between the first and last maneuvers was held fixed. A key result
concerned the existence of a fourth maneuver when the declination of
the hyperbolic asymptote exceeded a critical value; below this critical
value, three impulses or less are sufficient for an optimal escape
sequence.

Given an epoch and an initial parking orbit at the moon, a vector
based, analytical procedure is described here to generate a time free
initial estimate for a complete moon-to-Earth return trajectory. This
estimate produces a disconnected pair of trajectories that is then
differentially corrected to guarantee continuity in time, position, and
velocity. The results will show that the initial estimate is close to the
final fully integrated solution and requires only a few iterations of the
differential correction procedure. This feasible solution can then be
further used as an initial estimate for a an optimization sequence. The
optimization of this solution is not discussed here and forms part of
current work. This analysis is applicable to all spacecraft missions
that begin in a closed lunar orbit and are required to return to the Earth
with specified Earth entry interface conditions. The main distinction
between previous work and the current work is that here a complete,
high-fidelity, lunar orbit to Earth transfer is generated consistent with
the imposed constraints. If the current study was limited to
constructing only the escape phase from a closed orbit about a central
body to a given hyperbolic asymptote which is then optimized
numerically, the performance results would be similar to the results
reported by Gerbracht and Penzo [3], and Bean [4].

II. Description of the Problem

The problem is described as follows. Given an epoch, ¢,,, and
the orbital elements of a closed (eccentricity, e, < 1) orbit around the
moon, determine a maneuver transfer sequence that will take the
spacecraft to the entry interface conditions at the Earth. The study is
limited to examining only a subset of all the multimaneuver escape
sequences that are possible. Two cases are examined that correspond
to one or three transEarth injection (TEI) maneuvers. These are
modeled as impulses. The main goal of the algorithm is to generate a
feasible, high-fidelity, end-to-end lunar orbit to Earth transfer that
serves as a starting iterate for further study, such as an optimization
sequence for either impulsive and/or finite burn maneuvers. The
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algorithm is robust and fast, and can be considered as an onboard
program requiring limited computational capability.

At the Earth entry interface (EEI) point that occurs at f,, the
spacecraft state has to satisfy both lower and upper boundary
constraints for a subset of the seven quantities that define the EEI
state. These are the radial distance r (or altitude k), longitude A,
latitude ¢, velocity magnitude v, flight-path angle v, azimuth y, and
the time 7,. Where applicable, these constraints can be expressed in
either Earth fixed (nonrotating) or Earth body fixed (rotating)
coordinates.

III. General Methodology

The overall solution procedure to the problem is divided into the
following three major steps:

1) For a given set or subset of conditions on the Earth entry
interface values and time epoch of the moon-centered orbit, ¢,
compute in backward time a trajectory from the Earth to the moon.
This backward trajectory is based on a Hohmann-type transfer, and it
terminates at a preselected distance from the moon. A zero-sphere of
influence model is used to construct this trajectory. The end state of
this trajectory is transformed into a moon-centered state. From this,
the target hyperbolic excess velocity vector with respect to the moon
vZ, for the departure orbit is obtained. The details of this step are
described in Sec. V.

2) An analytical method is used to construct a one or three-impulse
TEI sequence in moon-centered coordinates to achieve the v
computed from step 1. The details of this step are described in
Sec. IV.

3) A high-fidelity multibody gravitational model with numerical
integration is used to construct two distinct trajectories. One is the
impulsive moon-centered TEI sequence from step 2 and the other one
is the Earth-to-moon backward integrated trajectory found in step 1.
A match point is selected near the sphere of influence of the moon to
end both trajectories. A minimum norm differential correction
procedure is used to match continuity of time, position, and velocity
at this patch point. The details of this step are described in Sec. VI.

IV. Construction of the Moon Escape Sequence

In a two-body force field, the parking orbit is defined in a fixed
moon-centered frame, which serves as the basis for vZ. This parking
orbit around the moon is assumed to be closed (eccentricity, e, < 1).
[[vZ& |l > 0 is required so that parabolic escape orbits are excluded.
The parking orbit has angular momentum vector hy, and h, and v},
are both normalized

h() €I+ — V;ro
00
[Iho” V&l

A key part required for an initial estimate is obtaining the unit
vector normal to the departure orbit plane described by the associated
direction of the departure angular momentum vector, h s- There are
three subcases to consider:

1) |hy - ¥%| = 0 implies that h, is normal to ¥, and no plane
change is required. The departure orbit plane can be coincident with
the parking orbit plane, and is chosen to be so. In this case, their
respective angular momentum vectors are collinear. There are two
possible choices for ﬁf, ﬁf = :tﬁo. ﬁf = +f10 is chosen for a zero
angle plane change. The other choice requires a 180° plane change,
which implies an expensive retrograde maneuver and is thus
discarded.

2) |hy - ¥4 | = 1 implies that hy, is collinear with V. ; they are either
in the same or opposite directions and a 90° plane change is required.
The departure orbit plane is normal to the parking orbit plane Any
vector normal to VZ, can serve as h 7> which is also normal to hO Here,
h 1 1s chosen to be either

ho= (1)

By= 0 XEn iy 2
g > F, |

or

R r, Xv&
h,= _Po 7" " (3)
TR, x VL
where
r
A Po
r, =— 4
" rl’n ( )

and r, is the periapsis position vector of the initial parking orbit.
3)0< |ﬁ§ VL | < 1is the most general case. The departure orbit is
neither normal nor coplanar to the parking orbit. In this case, ﬁ_f is
chosen to be the unit vector normal to V7, that is closest to ﬁo, so that
the angle between the initial parking orbit and departure orbit planes
is minimized
=X (hox¥e) 5)
[V > (o x V) |

It is noted that hj is always defined if 0 < |h0 Vil <1. As
constructed, h 7 is along the prOJectlon of hO onto the plane that is
normal to VL. The three vectors Vi, ho, and h 1 are all in the same
plane. Furthermore, this same expression can be used to get the h ’
vector for the case |f10 - V| = 0, which leads to the same result for
ﬁ_f; indeed, the closest unit vector to ﬁo that is normal to v} is flo
itself, when |h, - V2| = 0.

A. One-Impulse TEI Transfer

Beginning with a parking orbit around the moon, the goal is to
compute the single injection maneuver to achieve a specified
outgoing hyperbolic excess velocity vector vi. The injection
maneuver can be made at any point along the parking orbit. However,
there is one location on the parking orbit that yields the best
maneuver in terms of minimum Avw. First, to get an initial feasible
estimate, an escape trajectory that minimizes the required plane
change is assumed such that its angular momentum vector is closest
to that of the initial parking orbit.

For labeling purposes, there are two orbits referred to as orbit 0 and
orbit f. Orbit 0 is the initial parking orbit around the moon and orbit f
is the postmaneuver hyperbolic orbit that contains the target vi.
Orbit f is computed as follows. The injection maneuver is

Av, = v — vy (6)

where vi and v{ are to be determined along with the position vector,
r,, at which the maneuver is applied, occurring at ¢, on the parking
orbit. For example, a single impulse transfer targeting a v of relative
declination 50° with respect to the parking orbit is shown in Fig. 1.
Having determined h > the remaining elements of the departure
hyperbola can now be computed. The semimajor axis is known

a/ — lLLl:nzOOll (7)

where [Upoon 18 the gravitational parameter of the moon and
Voo = ||[VL||. Unless otherwise specified, 1 will be used in place of
Mmoon 1 the equations that follow.

The position vector at which the departure maneuver is made r;
must lie both in the parking orbit’s plane and in the escape orbit’s
plane. In this analysis, it depends on whether the planes of the
parking and departure orbits simply intersect or fully coincide. Hence
the subcases associated with those above with an additional qualifier
regardmg the eccentricity of the parking orbit are considered below:

1) ho vZ, =0 (orbit planes are coincident, h0||h ¢)and ¢y =0
(parking orbit is circular). This is the trivial case. r; is the periapsis
position vector of the departure hyperbola

r,= r()i;pf (8)

where r is the radius of the circular parking orbit
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Fig. 1 Escape from the moon with a one-impulse TEI transfer targeting
a vl of relative declination 50°. The horizontal and inclined planes are,
respectively, the parking orbit plane and the escape plane. The unique
maneuver is performed at ry, and v}, hy, and h; are in the same plane.

. Voo — V&
T S 9
Fr R ®
V% = (cos§)¥% + (sind) (¥4, x hy) (10)
!
§ = 2arcsin— (11)
ey
h2
ep=1——L (12)
afﬂ
hy=r, v}, (13)
2 1
i = () e
Py P
and the velocity vector at periapsis on the departure hyperbola is
Vo, = U;f‘?l’f (1s)
. Voo + V4
Vo, =172 =21 16
" T 4 92 1o

Vo, =V, V), (17)
where
K
Upf = 70 (18)
The maneuver is
Av=vl —v, (19)

Py py
and it is made at r,.
2) hyv =0 and 0 < e, < 1 (orbit planes are coincident and
parking orbitis elliptical), or h vZ, # 0and0 < e, < 1 (orbit planes

intersect and parking orbit is circular or elliptical). This is the most
general case. The direction of the position vector of the maneuver is
given by

/\+ o
R vi xh
e ek (20)
[V > hy|

The true anomaly of r; on orbit O (the parking orbit) must be
determined. It is referred to as v, and is the angle between F,, (the
periapsis direction vector of orbit 0) and F; that is measured positive
about h, from £,

v;, =sign(hg - (¢

1, X 1)) arccos(F,, - ) 21

It is noted that —m < v, ) =, which can then be modulated to be
between 0 and 27r. The magnitude of r, is

Po

= 22
n L+ egcosvy, 22)

where p, is the parameter of the parking orbit, so that
r, =rr (23)

The hyperbola that contains both r; and v, must be determined. It is
observed that r; is not necessarily the periapsis position vector of the
departure hyperbola, and that it lies at the intersection of both orbit
planes, between the periapsis vector of the hyperbola r, and its
outgoing asymptote. The true anomaly of r; on the hyperbola v, is
unknown and satisfies the polar equation

ap(l— e]%)

= (24)
I+ ey cos vy,

r

where the value of a, is given by Eq. (7). The eccentricity of the
departure hyperbola e, is also unknown. With v, being the true
anomaly associated with v{, it is known that 0 < v, <vZ. The
angle between t, and vZ, is Z, from Eq. (20). With

b1

v, 3 =0k (25)
and knowing that
1
cosvi = —— (26)
ey

Equations (24) and (25) are combined to obtain the system of
nonlinear equations

cos v :—i

_ af(l—e%)
{ ! T Idepsinvg 27)

with unknowns e, and v, and which has a unique solution in the
ranges 1 < ey < oo and 5 < v{, < 7. The solution of this system is

=\/1+2K2+2K+«/1+4K as

er where Kk = —— 28a
/ \/EK r (28a)
1
vx, = arccos (— —) (28b)
ey

The true anomaly on the hyperbola associated with r; is found from
Eq. (25)

m,=vi -3 (29)

and the turning angle of the hyperbola is
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1
§ = 2 arcsin— (30)
ey
V., Which is obtained from the tumlng angle §, together with v, are
both used to obtain F, », and v, », of the hyperbola. The incoming
hyperbolic excess velocity vector v, is

% = (cos §)VE + (sin 8) (VL x ﬁf) (1)

The direction of the periapsis position and velocity vectors of the
hyperbola are

I e N P oo
r, = vV, = 32
=y L A =

The periapsis position and velocity vectors of the hyperbola are

rszrprf'm’ v, = v;fvpf (33)
where
i ; 2
Ty, = ap(l—ey), vy = with  hy=/pap(1 —e3)
Py
(34)

The postmaneuver velocity required at r; is based on the
parameterization of the velocity vector in the perifocal reference
frame and uses the perapsis position and velocity unit vectors

vi= /P%'[(_ sinvy )t, + (ef +cosvy )V, | (35)
The same holds for the premaneuver velocity on orbit 0
__ M . - S
v = p—[(— sinvy )r, + (eg +cosvy )V, ] (36)
0

Finally, the required maneuver is
Av, =v] — vy (37)

This completes the construction of the one-maneuver TEI sequence.

R(L(x,y,2).6)
(1 —c)+c
=| yx(I1—c)+zs y(A—c)+c

xy(l1—c)—zs xz(1—c)+ys
yz(l —¢) — xs 39)

xz(l=c)—ys yz(l—c)+xs Z2A0—c)+c¢
where ¢ = cos£and s =sin&, and |T|> =x*> +y> + 2 = 1.

The maneuver has to be performed at the intersection line of the
parking and escape orbit planes, i.e., on the line that is at the
intersection of the planes with normal vectors are ﬁo and ﬁ} Thus,
the new position of the maneuver Av; is

hoxh,»

(40)
I ho 2 h/ I

P, =sign(hy - V) ———

The true anomaly of the maneuver on the parking orbit v, is
calculated from Eq. (21). It is noted that — < v, o =TT, which can
then be modulated to be between 0 and 2z. Using Eq. (23), the
position vector of the maneuver, r, is obtained, whose magnitude is
calculated from Eq. (22).

Examination of the escape orbit plane shows that the angle
between T, and v, is defined by

Av:v;fo—vl/ 41)
and can be calculated from
Av = arccos(r; - VL) (42)

Combining Eqs. (24), (26), and (41), the following system of
nonlinear equations is obtained

. a1l - e7)
! 1 +escosyy,
(43)
1 g1
cosv;  =——CcosAv+———sinAv

with unknowns e, and v, . and which has a unique solution in the
ranges 1 < ey <ooand 0 <v, <. The solution of this system is

\/sinzAv + 26 + 2i(1 — cos Av) + sin Avy/sin? Av + 4ic(1 — cos Av)

er =

3) When a plane change is required and the eccentricity of the
parking orbit is relatively small, the initial estimate for the TEI-1
maneuver can be further improved in terms of Av by choosing an
adequate direction of the angular momentum of the escape hyperbola
h > different from that obtained from Eq. (3). Knowing that h  must
be orthogonal to v}, which is fixed, the former can be rotated about
the latter by increments of 1 deg to perform a scanning and finally

retain the direction of ﬁ_, that leads to the smallest magnitude of the
maneuver Av,. With ﬁ; representing the new direction of the angular
momentum vector, and ® the angle between fl} and the plane defined
by the vectors h, and ¥, it can be calculated by

h;=REL. O)h, (38)

where R(I', §) is a matrix representing the rotation of an angle &
about the normalized axis I" of coordinates (x, y, z); the expression
for R is

V2K

(44a)

1 ,/e% —1
v}, = arccos (— —cos Av + ———sin Av) (44b)

Ef €f

where « is defined in Eq. (28a). Steps from Eq. (30) through Eq. (37)
are repeated.

B. Three-Impulse TEI Transfer

As was done for the one-impulse TEI transfer, the goal of the three-
impulse transfer sequence is to achieve the asymptotic velocity
vector v, from a closed parking orbit around the moon. Furthermore,
the departure orbit plane is assumed to be not coincident with that of
the parking orbit (ﬁo -V, # 0), meaning that a plane change is
required. In the case that the orbit planes are coincident, the single
TEI maneuver discussed previously is used, as a one-impulse
maneuver will be optimum in this particular case [1].

The first maneuver is an in-plane maneuver that raises apoapsis,
which is bounded from above. The second maneuver occurs at
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apoapsis of the premaneuver orbit. This maneuver is considered as
the plane change maneuver but it can also affect the magnitude of the
periapsis radius of the post maneuver orbit. This periapsis point is
bound from below. The third maneuver is an in-plane maneuver that
occurs at periapsis and produces the needed escape orbit that contains
the target v, vector. In the construction of the three-impulse initial
estimate, all maneuvers are assumed to occur at the apsides of the
corresponding premaneuver orbits; however, this does not imply that
the flight-path angle after a maneuver is necessarily zero.

For labeling purposes there are four orbits referred to as orbit
O-orbit 3; as before, orbit 0 is the parking orbit and orbits 1, 2, and 3
are described as follows:

1) Orbit 1 is an elliptical orbit, with periapsis radius r, and
apoapsis radius r, , which is achieved after Av, and is in the same
plane as orbit 0; r,, is specified and is typically in the range
10,000 < r,, < 17,000 km. The reason for this range is due to
practical considerations. The apoapsis radius of orbit 1 is such that
the time period of this orbit is on the order of a day or two; r, needs to
be determined because it lies somewhere on the parking orbit, which
can be elliptical. Av, is a pure apoapsis raising maneuver that occurs
atr,,

— vt _
Av, = Voo = Vo

o> Vi ¥V, are to be determined.

2) Orbit 2 is an orbit that is in the same plane as the departure
hyperbola, which is orbit 3. In the construction of this initial estimate,
it is possible that orbit 2 is closed or open; i.e., its eccentricity is
strictly positive. The periapsis radius of orbit 2 is required to be no
less than a specified amount, typically the periapsis radius of orbit O,
Tp, Z Iy, AV, is generally a plane change maneuver but it can also
raise (or lower) the periapsis radius of the premaneuver orbit. The
maneuver occurs at the apoapsis of orbit 1, which is not necessarily
the same as the apoapsis point of orbit 2, if orbit 2 is an ellipse. This is
because the line of apsides of orbit 2 is not necessarily in the plane of
orbit 1. The line of apsides of orbit 2 is aligned with the line of apsides
of the departure orbit, orbit 3, and this line is generally out of the
plane of Orbits 0 and 1. Av, occurs atr,, , which is determined by the
procedure to be described, and is defined by

r

Avy, =vi — vy (45)

where v; = v, is the velocity at apoapsis of orbit 1. So, r, , V3, V,
are to be determined.

3) Orbit 3 is the departure hyperbola and is in the same plane as
orbit 2. It is produced by the maneuver Avs;, which occurs at the
periapsis point of orbit 3, which is the same as the periapsis point of
orbit 2. Avs occurs along the velocity vector atr,, and is the escape
maneuver that achieves the necessary hyperbolic excess velocity
vector v,

ap

Avs =V} —v, (46)

p3

r V;, v,,. are to be determined.

P32 D

]3A graplll3 of a three-impulse transfer targeting a v of relative

declination 60° with respect to the parking orbit is shown in Fig. 2.
Again, the parking orbit around the moon is defined in a fixed

moon-centered frame and v, is referred to this reference frame. The

unit vector normal to the departure orbit plane ﬁ_f is computed as

described above in Eq. (§). The angular momentum direction of orbit

3 hy is

h;=h, A7
The remaining elements of this hyperbola need to be computed and it
is assumed that its periapsis radius is known, r, =r, , which is

specified, but is required to be greater than the periselene of the

parking orbit, r,, (r,. = r, ). The semimajor axis of the hyperbola is
—H

as = 5 (48)
vOO

Fig. 2 Escape from the moon with a three-impulse TEI transfer
targeting a v} of relative declination 60°. The horizontal and inclined
planes are, respectively, the parking orbit plane and the escape plane.
The first maneuver is performed at r,, , the second one at r, , and the
third one at r,,. Orbits 0 and 1 are in the same plane, as well as orbits 2
and 3, respectively.

which is negative. The periapsis velocity at r,,. is

2
i = o+ 22 (49)

pP3
and the magnitude of the hyperbola’s angular momentum vector is

hy=r, vt (50)

P3Tp3

The angular momentum vector of orbit 3 is
h; = h;h, (51)

The periapsis radius and velocity vectors r,, and v; are now
computed; v;, is the resulting velocity vector after Av;. To find Voos
knowing that v, and ¥3, are both in the plane that is orthogonal to h;,
vZ, is rotated clockwise about ﬁ3 (looking down on ﬁ3) through
the turning angle of the hyperbola which is §. The eccentricity of orbit
3is

_

ey = /1
‘ as

(52)

and the turning angle § of the hyperbola is found from Eq. (30) (as
e3 = e;). V, is givenby Eq. (31). As orbit 3 and orbit f are equivalent
in this case, the periapsis position and velocity vectors of the
departure hyperbola are obtained from Eqs. (32) and (33) (r,, =1,
and v, =v, ). Orbit 3 is now completely defined. To obtain v, ,
knowledge of the elements of orbit 2 is required. The line of apsides
for orbit 2 is defined by aligning f,, with . so that

Bp=F,  F,=-F (53)
With this, the departure maneuver Av; will be in the velocity
direction. However, the plane change and periapsis raising maneu-
vers will not occur at the apsides of orbit 2. Specifically, Av, occurs
atr, , the intersection of the planes of orbit 1 and orbit 2. Recall that
rp, = r,, and r,, is specified. It is noted, in general, that ¥, is not in
the orbit plane of the initial orbit. With this, it can also be stated that
the line of apsides of orbit 2 is not in the plane of the initial parking

orbit, but is contained in the plane of the departure orbit. In any case,
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the planes of orbit 0 and orbit 1 coincide, as well as those of orbit 2
and orbit 3. The radius vector at which the second maneuver Av, is
made to transition onto orbit 2 lies along the intersection of the planes
of orbit 0 and orbit 3 and points away from £,,. This vector is named

because it will be the apoapsis radlus vector of orbit 1. Its
dlrecnon is

¢ o x(hyxhylxhy _ (hy-£,)hyxho) o
“ ||[raz><(h3><h0)]><h0|| ||(ho r, )(h3><h0)||

This vector is in the plane of all orbits (orbit O to orbit 3), and points
away from I, (as well as I',,). It is noted that T, is not necessarily
collinear with £, or £ .. If h; x hy = 0, meaning that the parking
orbit and the departure orbit are in the same plane, then let £, =F,,.
However, this particular case would be equivalent to a one-impulse
TEI transfer in terms of Av but would have a longer time of flight; so
by default, a one-impulse transfer is used. The direction of periapsis
of orbit 1 is now known; this fixes the direction of the location of the
first maneuver Av, that makes the transition from orbit O (the parking
orbit) to orbit 1
r, =-t, (55)

To compute the position vector r, of the maneuver Av,, its
magnitude r, must be found: r,, is required to lie on orbit 0; let I,
be the periapsis radius unit vector on orbit 0. The angle between t o
and I, is measured positive about ﬁo from £, ; itis the true anomaly
associated with £, on orbit 0

vy, = sign(h, - (f,, x £, )) arccos(t,, - T, ) (56)
vy, is used to represent the true anomaly of £, on orbit 0. It is noted
that —r < vy, < 70 that v, , can be modulated to be between 0 and
27. The magnitude of r,, is

Po

Ty = W (57)
so that
rp =y, (58)
The periapsis and apoapsis velocity directions for orbit 1 are
=h, xt, ¥, =h x#, (59)
r,, being specified, the apoapsis radius vector of orbit 1 is
r, =rgk, (60)

1

The elements of orbit 2 are required to determine the actual velocity
after Av,. The apoapsis radius vector of orbit 1 also lies somewhere
after apoapsis on orbit 2. Indeed, along orbit 2, the apoapsis of orbit 1
is located after the apoapsis of orbit 2, as T, x F, = (F,, - ho)2h;.
Thus, on orbit 2, the true anomaly of r,, is equal to 7 + Av, where
Av is defined as the angle between F,,, and F,, measured positively

about h; from I, such that
Av = arccos(F,, - F,,) (61)
The polar equation of a conic section for r,, must then be verified

a(1 — e%)

T T e, cos(m + Av) ©62)
With r,,, = a,(1 — e,) and solving for a,
rpa
ay =~ (63)
1-— €y

This is inserted into Eq. (64) to obtain e,

2 — # 64
Ta, COS(AV) + 1 ©4)

P2

—-r

With Eq. (64), a, is determined from Eq. (63). It is noted that orbit 2
does not need to be an ellipse because for a small enough r,, , orbit 2
can be hyperbolic. With this, orbits 1 and 2 are now completely
defined.

The velocity on orbit 2 at r,,, is v; which denotes that it is the
velocity required after the second maneuver Av,; it is

vi = /T[( sin(m + Av))E,

+ (ey + cos( + Av))V, ] (65)
where
—h, x 7, (66)

It is understood that the second maneuver does not necessarily occur
at the apoapsis point of orbit 2, but it does occur at the apoapsis point
of orbit 1. The velocity right before Av, is v, and is computed as
follows:

Tp, T 1
a) =+ (67)
2 1
Vg, = M(r——a—) (68)
aj 1
i\7./,1] = l?ll X i:(l] (69)
Vi, = U4 Ve, (70)
Let
V) =V, (71)
So finally
AV, =vi — vy (72)

Regarding the first maneuver Av,, the velocity at periapsis of orbit 1

is computed from
2 1
v, = u(———) @3)

Ty o 4
so that
V, =v,V, (74)
Let
vi=v, (75)
and

vi= /pﬂ[(— sinvy )E, + (ey + cos vy )V, | (76)
0
So finally
Av, =V — vy (77)

Regarding the third maneuver Avs, the velocity at periapsis of
orbit 2 is computed from

2 1
= (-2 )
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so that
V,, =v,V, with v, =V, (79)
Let
vi=v, and vj=v, (80)
So finally
Avy =v] — vy (81)

This procedure yields the estimate of the three-maneuver TEI transfer
sequence.

V. Initial Estimate for the Complete
Moon-to-Earth Trajectory

The procedure for constructing the initial estimate of the complete
moon-to-Earth impulsive trajectory is outlined below. The inform-
ation that is given is:

1.t,,1,, Vv,: epoch and state of the initial moon-centered orbit.

2. r(t,), ¢(t,): the desired radius and latitude associated with the
Earth entry interface point in an Earth fixed frame. It is noted that the
other flight coordinates, such as the flight-path angle at EEI, can also
be specified and targeted.

The following quantities must be estimated:

1) From the moon: the times at which the maneuvers are
performed, as well as their Av vectors, and the time of flight from the
epoch ,, to the moon’s sphere of influence.

2) From the Earth: the state of the spacecraft (r, , v, ) and time 7, at
EEI, as well as the time of flight (backward in time) from EEI to the
moon’s sphere of influence.

The time at which the spacecraft reaches the moon’s sphere of
influence is #,;. The steps to generate the initial estimate are:

1) The antipode state at the Earth associated with the moon’s
position at ¢,, is constructed. The position vector of the moon is
obtained in an ECI (Earth-centered inertial) frame at t,,, Troon (%),
and is used as the line of apsides for an Earth-moon backward
Hohmann transfer.

2) This antipode state is [r(7,), v(,)] and the direction of perigee of
the Hohmann transfer ellipse at 7, is

_ T'moon (tm)

rmoon ([m) (82)

r,(t) =

The unit vector F,(z,) is parameterized with a declination § and a
right ascension «

cos §cos
cos dsina (83)
sin §

F, (1) =

This is the moon’s antipode vector. The right ascension and
declination of F,(z,) are obtained by transforming its components
from Cartesian to spherical coordinates.

3. Because —7 < § < + 7, then:

a)If¢(t,) > 4,itis an incoming (in forward time) North Pole flyby
and the angular momentum vector direction of the incoming state at
t, is chosen to be

. K xT,(
. — ~ X f])( L’) (84)
[k < x, (2l
and the incoming azimuth is
Veci = T (85)

b) If ¢(z,) < 4, it is an incoming South Pole flyby and the angular
momentum vector of the trajectory is chosen to be

. F,()xk

.= ~ (86)
“ IR, () X K|

and the incoming azimuth is

Veci = 0 (87)

where K is the unit vector normal to the equatorial plane of the ECI
reference frame.
4) In either case, the true anomaly at ¢, of the incoming trajectory is

Ve = —|¢p— 4 (88)
The direction of the incoming periapsis velocity vector is

v, =h,xt (89)

Pre

Pre

5) A backward time Hohmann transfer ellipse is constructed.
Given r, and knowing v, the semimajor axis and eccentricity of the
Hohmann transfer ellipse, ay,, and ey, respectively, can be found.
Knowing that the radius at apogee is r, = rpoon and that r,=
ap (1 + ey), use

ra(l - ehl)
t)=—"—""—""-— 90
rite) 1 + ey cosv(t,) ©0)
to obtain ey,
g = Te
= 91
eht (rle Cos v[e + ru) ( )
and get ap,, from
p
Ay = — 92
i . 92)
The periapsis radius of the incoming trajectory is then
Tpe = An (1 — ey (93)

It is noted that the spacecraft enters at a radius vector that is
r(t) =r,..

6) The backward transfer time on the ellipse is from v, to v, = 7
andis At. This is the same as the forward transfer time from v, = 7 to
V- The spacecraft is moving on the lower half plane of the arrival
ellipse and Kepler’s equation is used to get a first estimate of this
travel time, which is known to be less than or equal to the half period
of the Hohmann transfer ellipse

At<-L 94
1= %94)
where
a
T,=2m | (95)
/’Learth
SO
te =1, + At (96)

This is the estimate for the epoch at the Earth entry interface point.
7) Calculate the state at the Earth entry interface ry., v,

r, =r,[(cosv)t, + (sinve)v, ] 97)
earth H r + + v

_ [ e 98

Vie ap (1 — eﬁt)[( sin vle)rmc (en; + cos vte)vl’m] 98)

8) Define the radius of an approximate sphere of influence about
the moon



OCAMPO AND SAUDEMONT 1191

Ry, ~ 50,000 km (99)

where any number in the vicinity of the distance between the moon
and the interior libration point of the Earth—-moon system is suitable.
The value of the true anomaly on the ellipse when the spacecraft
reaches the moon’s sphere of influence from the backward prop-
agated Earth trajectory is approximated and this radial distance from
the Earth is r;. It is known that

S0i*

RsoiM + Fsoi = 2aht (100)

SO ry; can be estimated and is set to
Fsoi = 2aht - RsoiM (101)

This can be said because the distance from the vacant focus to the
moon is small compared with the distance from the Earth to the
moon; it is equal to r, . The true anomaly when the backward
propagated Hohmann transfer ellipse reaches the moon’s sphere of

influence is
_ 2
Vgoi = — arccos |:L (M - 1)] (102)

Cht TFsoi

From this, the time of flight from v, to v, # —
using Kepler’s equation.

9) On the ellipse, the velocity vector at apoapsis v, is computed.
Knowing V,,40n (7,,), an estimate of the outgoing hyperbolic velocity
excess vector at 7,, is

t,, is estimated

V;—o =Vq— Vmoon(tm) (103)

10) With the given t,, and the target v, the procedure developed
previously to construct feasible one and three-impulse escape
sequences is used to compute a better estimate of 7. This is done
because the duration of the escape sequence is nonzero as it has been
assumed until now

tsoi = Zm + Atescape (104)

where Afqgqpe is the actual time from ¢, to the point on the escape
hyperbola from the moon when the spacecraft reaches the moon’s
sphere of influence; it is the time at which the spacecraft has almost
reached vZ,. Also, the departure time 74, is defined to be the time of
the last maneuver at the moon that places the spacecraft on the
departure hyperbola.

I1) Knowing fep.. the antipode state at the Earth at 7, is
recomputed.

12) If the spacecraft needs to arrive at a specific target longitude in
an Earth body fixed frame, then 7, is readjusted by plus or minus A<,
where |At| < 12 hours, so that the arrival state r(z,), v(¢,) occurs at
this target longitude.

13) Now, all the information to forward propagate the moon-
centered state from ¢, to t,,; using the one- or three-impulse escape
sequence and to backward propagate the Earth-centered state from 7,
to 1 is available. The variable z,; is allowed to have two values, one
from the moon and one from the Earth, which are constrained to be
equal at the end of the targeting procedure. There will be a position,
velocity, and time mismatch near the patch point. These error
deviations are

Arsui = Tearth—rsoi (lsnim,meurlh) ~ Fimoon—rsoi (ts()ifmmmu(m) (105)

Av,

soi — Vearth%tsoi([soitmmeanh) - Vmoonetsoi(lsoifm,“moon) (106)

Atsoi = [soitmmcarlh - tsoifmmmoon (107)
It is claimed that this initial estimate procedure will yield errors that
are within the convergence envelope of a simple differential
correction procedure. This is verified numerically using a sample set
of starting conditions and data.

VI. Differential Correction of the Infeasible
Initial Estimate

The ease of convergence from the initial estimate, generated by the
procedure described here, to a feasible solution is illustrated by the
use of a differential correction procedure. Given the constraint vector
¢ of dimension m x 1 and the variable vector x of dimension n X 1,
the differential of the constraint vector is calculated from

0
Se =2 5x (108)
ox
where the Jacobian matrix
J = 8_c (109)
ox

of size m x n is computed numerically using central differences.
The vector of variables for the one- and three-impulse TEI transfer
sequence, and the constraint vector used in these simulations are

te
r,
f, Vi,
rte tsoiemh
Vrg tsoimoon
X1EL = | Lsoieumn XTg, = 131
tsoimoon AVl
h 2]
Av, Av, (1o
I3
Avy /o
Arsoi
c= AVsoi
Atsoi
hte - h;; 8x1

where A7 is a specified altitude at the Earth entry interface; here, a
value of 121.9 km is used for h;, which is typical for an entry
interface altitude for these types of missions. Though the procedure
can also constrain the other set of Earth entry interface variables, only
the altitude is constrained in place of the radial distance in the
simulations presented here. For example, it is recalled that the initial
estimate produces a zero flight-path angle at the Earth entry interface
point. It is assumed that the solution that is continuous in the state at
the mismatch time f,,; is nearby and that the flight-path angle along
with the other entry interface variables do not change considerably
between the initial estimate and the feasible solution.

A simple scaling of the variables and constraints is used. Where
applicable, the time values t,, t,, t5, 3, ;. » and £ are scaled by
6.0, 1.0, 1.0, 1.0, 2.0, and 2.0 days, respectively; r is scaled by
7000 km and v, is scaled by 12 km/s; all impulsive maneuver
components in Av;, Av,, Av; are scaled by 1.6 km/s. The scales on
Aryi, Avg, Aty and (h, —h;) are 90,000 km, 1.6 km/s,
1.5 days, and 7000 km, respectively. These are reasonable scale
values that do not need to be exact and which have been found to
work well for the differential correction procedure used. After this
scaling, the perturbation step sizes on the variables are determined by

i =10"°(1 + |x; |) (111)

where h; is the perturbation step size for the scaled variable x;
associated with the element 7, x;, of the variable vector x. In the case
where the number of constraints is lower than that of optimization
variables (m < n), which is the case for an optimization problem, the
Jacobian matrix J is not invertible. The differential correction
procedure used here makes use of the pseudo inverse of J to calculate
a solution that satisfies the constraints (¢ =0) but that is not
necessarily optimal [6]. The iteration procedure is

x (HD) = x() _ (e (112)
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where

J*=J"JI")! (113)
is known as the pseudo inverse of J. This approach is not designed to
optimize a cost function but to generate a feasible solution that is
close to the initial estimate, as J* is derived from the minimum norm
solution [6].

To illustrate the performance of the algorithm, eleven simulations
have been executed for different epochs and initial parking orbits
around the moon, each using a one-maneuver and a three-maneuver
sequence, and the results obtained are shown in Tables 1-11, with
both the initial estimate (IE) and the feasible trajectory (FT). The
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relative declination of the v, vector with respect to the initial parking
orbit plane is also shown and is characteristic of the magnitude of the
plane change. For these simulations, the periapsis altitude of the low
lunar orbit is 100 km, which again is typical value for this type of
mission.

Furthermore, there are cases where three maneuvers will lead to a
greater cost in terms of Av than the one-maneuver case. Indeed, it is
recalled that in this differential correction procedure the solution is
not optimized and, from experimentation, the three-impulse escape
sequence from the moon obtained from the initial estimate algorithm
is less efficient than the one-impulse escape sequence when the
relative declination of v, with respect to the initial parking orbit is
less than about 20°. The feasible and converged trajectories of a

Table 1 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Arg;, km Avg,;, km/s Aty, days Total Av, km/s Iterations
TEI-1 (IE) 50470.5 0.412168 1.75517 2.09192 0
TEI-1 (FT) 8.95262e —06 9.91545e — 11  1.68425e — 16 2.08354 6
TEI-3 (IE) 45735.4 0.320334 1.3885 1.60298 0
TEIL-3 (FT) 1.60207e —05 4.53236e — 11 3.3685e — 16 1.60476 6
“Epoch 2015/2/8 00:00:00, a=1838km, e=0, i=30°, Q=150°, w=0°, v=0° (relative

declination = 49.859°).

Table 2 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,;, km Avg,;, km/s Atg;, days  Total Av,km/s  Iterations
TEI-1 (IE) 54048.0 0.464998 1.5042 1.58699 0
TEI-1 (FT) 1.25884e — 05 1.03303e — 10 0 1.58460 5
TEI-3 (IE) 48780.4 0.355693 1.1388 1.55197 0
TEI-3 (FT) 8.35043e — 06  7.16452¢ — 11 0 1.55402 6
“Epoch 2018/1/1 00:00:00, a=1838km, e=0, i=92°, Q=20°, w=0°, v=0° (relative

declination = 25.664°).

Table 3 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,;, km Avg,;, km/s Aty;,days  Total Av, km/s  Iterations
TEI-1 (IE) 50244.8 0.458485 1.53273 2.23480 0
TEI-1 (FT) 1.76383e — 05 2.014e — 10 0 2.23188 5
TEI-3 (IE) 46541.2 0.351299 1.19888 1.62467 0
TEI-3 (FT) 1.30016e — 05 1.12523e — 10 0 1.62805 7
“Epoch 2019/3/21, 00:00:00, a=1838km, e=0, i=92°, Q=20°, w=0° v=0° (relative

declination = —54.700°).

Table 4 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Arg,;, km Avg,;, km/s At, days  Total Av, km/s  Iterations
TEI-1 (IE) 54952.4 0.399768 1.7191 2.51615 0
TEI-1 (FT) 1.13009e — 05 1.08261e — 10 0 2.50893 5
TEI-3 (IE) 50153.5 0.318606 1.36805 1.65684 0
TEI-3 (FT) 1.465e — 05 1.21773e — 10 0 1.65858 6
“Epoch 2020/12/25, 00:00:00, a=1838 km, e=0, i=92°, Q=20°, w=0°, v=0° (relative

declination = 69.087°).

Table 5 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Arg,;, km Avgy, km/s At days Total Av, km/s  Iterations
TEI-1 (IE) 56293.9 0.415627 1.73016 1.40454 0
TEI-1 (FT) 2.2907e —05  9.8651le —11 0 1.39903 6
TEI-3 (IE) 53847.5 0.338046 1.39814 1.53701 0
TEI-3 (FT)  1.13939e —05 1.49187e — 10  3.3685e — 16 1.54288 5
“Epoch 2034/2/8, 00:00:00, a=1838km, e=0, i=153°, Q=127°, w=0°, v=0° (relative

declination = —12.968°).
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Table 6 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,,;, km Avg;, km/s Atg,;, days Total Av, km/s Iterations
TEI-1 (IE) 53645.4 0.397695 1.71596 2.43023 0
TEI-1 (FT) 4.93411e —06 5.24529¢ — 11 0 2.42294 5
TEI-3 (IE) 50031.0 0.316343 1.35787 1.65542 0
TEI-3 (FT)  1.69956e — 05  1.4758¢ — 10  —3.3685¢ — 16 1.65777 6
“Epoch 2020/12/25, 00:00:00, a =1935km, e=0.05, i=92°, Q=20°, w=0° v=0° (relative

declination = 69.087°).

Table 7 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,;, km Avg,;, km/s At;, days  Total Av, km/s  Iterations
TEI-1 (IE) 52828.1 0.395853 1.71123 2.34176 0
TEI-1 (FT) 6.7731e — 07 1.15143e — 11 0 2.33453 5
TEI-3 (IE) 49893.8 0.313814 1.34648 1.66258 0
TEI-3 (FT) 1.51383e — 05  1.40514e — 10 0 1.6648 5
“Epoch 2020/12/25, 00:00:00, a =2043 km, e=0.1, i=92°, Q=20°, w=0° v=0° (relative

declination = 69.087°).

Table 8 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,;, km Avg,;, km/s At;, days  Total Av, km/s  Iterations
TEI-1 (IE) 51297.4 0.391923 1.69974 2.15542 0
TEI-1 (FT)  9.89913e —06  7.95526e — 11 0 2.14864 5
TEI-3 (IE) 49564.6 0.307782 1.31939 1.69818 0
TEI-3 (FT)  2.23197e — 05  2.00041e — 10 0 1.69988 5
“Epoch 2020/12/25, 00:00:00, a =2298 km, e=0.2, i=92°, Q=20°, w=0° v=0° (relative

declination = 69.087°).

Table 9 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,;, km Avg;, km/s Atg;, days  Total Av, km/s  Iterations
TEI-1 (IE) 50577.1 0.389674 1.69248 2.06105 0
TEI-1 (FT) 8.57914e — 06  6.90101e — 11 0 2.05452 5
TEI-3 (IE) 493594 0.304077 1.30295 1.72375 0
TEI-3 (FT)  3.25608e — 05  2.95887e — 10 0 1.72517 5

“Epoch 2020/12/25, 00:00:00, a =2451km, e=0.25 i=92°, Q=20°, w=0° v=0° (relative
declination = 69.087°).

Table 10 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Arg;, km Avg, km/s At days Total Av, km/s  Iterations
TEI-1 (IE) 49850.6 0.387105 1.68387 1.96764 0
TEI-1 (FT)  8.46193¢ —06  6.89069%¢ — 11 0 1.96132 5
TEI-3 (IE) 49113.9 0.299719 1.28398 1.75292 0
TEI-3 (FT)  4.40276e — 05  4.02098e — 10  3.3685e¢ — 16 1.75407 5
“Epoch 2020/12/25, 00:00:00, a =2626km, e=03, i=92°, Q=20°, w=0° v=0° (relative

declination = 69.087°).

Table 11 Targeting performance for a one- and three-impulse moon-to-Earth trajectory?

Ar,,;, km Avg,, km/s Aty;, days  Total Av,km/s  Iterations
TEI-1 (IE) 46118.2 0.371445 1.62921 1.61635 0
TEI-1 (FT) 4.7793e — 06 4.22552e — 11 0 1.61048 5
TEI-3 (IE) 47125.1 0.268437 1.16573 1.89067 0
TEI-3 (FT) 8.0038¢ —05  7.51148e — 10 0 1.88983 5
“Epoch 2020/12/25, 00:00:00, a =3676km, e=0.5, i=92°, Q=20°, w=0° v=0° (relative

declination = 69.087°).
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= = = = s+ |nitial Estimate (IE)
= Feasible Trajectory (FT)
== == == |nitial Parking Orbit

Fig. 3 Three-impulse TEI trajectory in moon-centered coordinates
showing the IE and the feasible trajectory FT. The trajectories begin at £,
and end at £,,; as shown. The three-maneuver times are ¢, t,, and 3,
respectively. Though the times and locations of the maneuvers between
these trajectories are different, they are nearly indistinguishable in the
figure.

= = = = « |nitial Estimate (IE)

Feasible Trajectory (FT)

tl\to

Fig. 4 Three-impulse TEI trajectory in Earth-centered coordinates
showing the initial estimate IE and the feasible trajectory FT. The
trajectories begin at 7). The three-maneuver times and locations (which
are nearly indistinguishable in the figure) are labeled as ¢, ¢, and 3,
respectively. The forward propagated trajectories from the moon end at
tyoi- The backward propagated trajectories from the Earth begin at#, and
end at 7,,;.

simulated example are shown in Figs. 3 and 4. Figure 3 shows a three-
impulse TEI escape in moon-centered coordinates and Fig. 4 the
complete trajectories in Earth centered coordinates.

VII. Conclusions

To examine the any-time abort capability required for a human
lunar mission, a vector based analytical procedure has been
developed to generate an initial trajectory model for a moon-to-Earth
return trajectory that lies within the convergence envelope of a
minimum norm differential correction procedure. The convergence
to a feasible solution from typical input conditions can be achieved in
a few iterations; typically seven or less for the examples presented.

If this algorithm is to be flown onboard a spacecraft and there is no
ground link or onboard optimization capability, then at a minimum a
feasible solution is available. If optimization capability is available,

then the solution generated with the method described here serves as
its initial estimate. The optimization of the impulsive maneuvers for
the moon-centered escape phase of the problem has recently been
analyzed by using a constrained optimization algorithm coupled with
a state transition matrix based variational model to obtain the
gradients of the problem functions with respect to the problem
variables [7]. The initial estimate in that study was based on the
procedure described here to construct the moon-centered escape
sequence to a fixed relative hyperbolic excess velocity vector.
Though the procedure described here provides a feasible one- or
three-impulse solution for all relative declinations of the hyperbolic
excess velocity vector, improvements are currently being inves-
tigated to produce feasible solutions for the escape phase that are
closer to the optimal impulsive solution. A criteria should also be
formulated, if possible, that indicates whether to use a one- or a three-
impulse escape sequence (assuming those are the only two cases
being considered). This may lead to the formulation of a more
general set of criteria for one to maybe even four impulse escape
sequences. Itis clear that this is not necessarily a trivial problem when
parameters such as the initial orbit eccentricity; radius and time
constraints on locations of the maneuvers; and the relative right
ascension of the hyperbolic excess velocity vector with respect to the
periapsis vector of the initial orbit are considered.

The optimization of finite burn maneuvers with the constraint that
each maneuver be required to be steered in a fixed plane but whose
orientation for each maneuver forms part of the problem variables
has also been examined using a constrained optimization algorithm
with a state transition matrix based gradient calculation procedure
[8]. All of these studies have as a final objective the development of a
fully automated and robust procedure for constructing optimal high-
fidelity moon-to-Earth trajectories for spacecraft equipped with
either constant or variable exhaust velocity engines.
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